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ABSTRACT
To describethe directionalreflectancecharacteristicsof a

specularlyreflectingroughsurface,K.E.TorranceandE.Spar-
row developeda BRDF model basedon geometricaloptics.
In this study their model is confirmedby a ray-tracing-like
simulation,using the sameassumptionsas in the analytical
derivation. We alsopresenta simpleempirical function that
capturesthe basicfeaturesof the analyticalmodelquitewell
andhasbeenusedsuccessfullyin BRDF inversionproblems
includingsurfaceslike roof covermaterialsandgrasscanopy.

INTRODUCTION

The ‘Bidirectional ReflectanceDistribution Function’ BRDF
asdefinedby [1] is commonlyusedto describethe bidirec-
tional reflectanceof diffuselyscatteringsurfaces:
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( �"! radiance, #! irradiance,index $ ! reflected,% ! in-
cident,


 ! zenithangle,
� ! azimuthangle.) In thecaseof

a perfectspecularscatteringsurface,theBRDF becomesinfi-
nite in the speculardirectionandthusdifficult to use. How-
ever, in remotesensingperfectlyscatteringsurfacesarevery
rare.Usuallythescatteringsurfacesarenot perfectlysmooth,
so the reflectedradianceis not scatteredinto one direction
only. This makesthe reflectancecharacteristicsof the spec-
ular surfacedescribableby theBRDF without having to deal
with infinities. TorranceandSparrow [2] developeda model
(called TS model in the following) to describethe specular
peak of rough surfaces. This model is still usedin mod-
ern applications[3]. In this paperwe confirm the modelby
numericalray-tracing-like simulationsand presenta simple
empiricalfunction to describethe BRDF of a specularpeak.
This functioncaneasilybeusedin BRDFinversionproblems.

BRDFOFA ‘PERFECT’SPECULARPEAK

We definetheangle & astheanglerelative to thespeculardi-
rection(seefig. 1):
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In the speculardirection
��
�� ! 
������ ! E�F C D � & ! C D , at

e.g.(

 � !ML C D ��
 � !ON C D ��� ! E�F C D � oneobtains& ! E C D .

Themathematicallycorrectform of a ‘perfect’ specularpeak
is a deltafunction :

�	�QPSR>� & � . In this sectiona continuous
function (without infinite valuesasin

R>� & � ) for the specular
peakwill bedevelopedphenomenologically.
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Fig.1: Definition of the anglesin the principal plane. The
thick line indicates the light beamwith an incident zenith
angle
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. Therelativeangleto the

speculardirection
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is & . Thesurfacepatchesof the
V-cavityhavean inclination U .

A changein

��

will changetheareaseenby thesensorby
a factorof

�VXW�Y�Z�[ (or
�VXW�Y�Z�\ , as


 � ! 
 �
in the speculardirec-

tion). As for any surface,the irradiancebecomes0 for zenith
anglestowards


�� !^] C D , thewell known cosinedependence
(  � !`_a� �	'*)�+>
�� ). As a perfectspecularsurfacereflectsall
theirradiance,thereflectedradiance� � alsohasto bepropor-
tional to � � '8)�+>
 � .

Thedeltafunctionwill beapproximatedhereby aGaussian

exponentialfunction
�b ��c�dfe>g ,ih�jjlk j . To obtaina very sharp

peak, m hasto be chosenvery small, the normalizationcon-
stantbecomesvery large.Theresultingfunctionhastheform
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This function does not obey Helmholtz’s theorem of
reciprocity (changing the angles of incidence and re-
flection changes the BRDF). We substituted the term�VXW�Y�Z [ with

�b VXW�Y�Z \ VXW�Y�Z [ . In the case of a very sharp
peak, this yields the same BRDF as before, because
�� r 
��

for all BRDF values not equal to zero.

TORRANCE-SPARROW MODEL

For roughsurfaces,the specularpeakis not centeredaround
the direction


�� ! 

�
, but shifted towards large zenith an-

gles.[2] proposedaBRDFmodelbasedongeometricaloptics
explaining this shift. They assumedthat the surfaceconsists
of specularlyreflectingV-cavities of infinite length (this in-
consistency hasbeencritized by [4] recently, but the model
proposedby [4] yieldssimilar results,so theapproachof [2]
seemsto bea goodapproximation).In thefollowing, we will
not treatthediffusecomponentof theTS modelbut focuson
thespecularpartonly.

Thedistributionof the inclinationsof thesurfacepatchesis
assumedto beGaussianby TS.Thisproducesaspecularpeak
of Gaussianshape.For largezenithangles,maskingandshad-
owing will influencethe contribution of the surfacepatches
to the specularpeak. This is accountedfor by a so-called
’Geometric-Attenuation-Function’ s . TheFresnelreflectancet

is a functionof the complex index of refraction uv andthe
angleof incidenceof the specularlyreflectingsurfacepatch.
This yieldsthefollowing relationfor theBRDF of thespecu-
lar peak:
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where U ! U ��
�����

�����n� is theangleof thespecularreflecting
surfacepatchnormalto nadirandg is a constantdetermining
theintensityof thespecularreflection.

The function is plotted for several anglesin fig. 2. It can
be seenthat even for moderatelyroughsurfaces( { ! C=| C N )
thespecularpeakis not limited to theidealspeculardirection��
�� ! 

����� ! E�F C D � . E.g.at nadirviewing

��

� ! C D � andan
incidentzenithangleof


 � !}L�N D theintensityof thespecular
peakis still about20% of its valueat idealspeculardirection.

RAY-TRACING VALIDATION

Wehaveconfirmedtheabovemodelby aray-tracing-likesim-
ulationasusedin [5]. Thesimulationpredictsnumericallythe
BRDFof asurfaceof one-dimensionalroughness(in thiscase
parallelV-cavities). It accountsexactly for maskingandshad-
owing for singlescattering.TheBRDF of thesurfacepatches
is neededasinputfor oursimulationprogram.Weusedaspec-
ularpeakof theform describedin (3). For { ! C=| C E deg

, �
and

{ ! C=| C N deg
, �

weset m ! C9| C�~ D , for { ! C9| E N deg
, �

(a very
smoothsurface)we set m ! C9| C�� D (correspondingto aneven
sharperpeak). The Fresnelreflectance

t
wastaken ascon-

stant.
[2] arrangedthe surface patchesin V-cavities of infinite

length. We summedup the reflection contributions pre-
dictedby the simulationprogramfor every possibleinclina-
tion (zenithangle U ) andorientation(azimuthangle � ) of the
V-cavities weightedby the inclinationdistribution of thesur-
facepatchesaccordingto [2]. This way we simulatedexactly
thesamesurfaceasin theTSmodel.

The resultsare shown in fig. 2. The agreementbetween
the TS model and our simulationis very good. This is not
surprising,asthesameassumptionsweremadefor bothmod-
els. However, the approachesto the problemaresodifferent
(analyticalcalculationin theTSmodelversusray-tracing-like
simulation)that the excellentagreementof the two curvesis
anindependentconfirmationof thecorrectBRDF of specular
reflectingV-cavitiesof infinite lengthderivedby [2].

The strongestdeviationsof the simulatedvaluesfrom the
TS model occur for { ! C9| E N (at


 � ! ~ N D ). This cor-
respondsto a quite smoothsurface, in our simulation the
width m of the peak becomesa critical parameter. The
larger the parameter{ is chosen,the finer the angulargrid
for the surface patch inclination

� U � � ��� has to be chosen,
which increasescomputing time. So thesedeviations are
due to numerical problemsof our simulation and do not
indicate an approximationor even fault in the TS model.

EMPIRICAL MODEL

UsingtheTSmodelis notasstraightforwardasit might look,
for somecombinationsof anglestheformulasgivenin [2] are
notsufficient. For someapplicationsa simplermodelis desir-
able,e.g.in remotesensingusuallytheFresnelreflectance

t
is

notknown apriori. Wewill presentanempiricalmodelthatis
computationally

r(�
timesfaster, easierto implementandstill

capturesthe basicfeatures.This empiricalmodelperformed
well in several BRDF inversionproblemsincluding surfaces
like roof cover materialsandgrasscanopy, see[5], [6], [7].
Using & asdefinedin (2), theempiricalmodelcanbewritten
as:

��� !(� e8g������ Z�\�Z�[�� j e8g ,�y j � h j � j (5)

where� describestheintensityof thepeak,� theshift towards
largezenithanglesand { thewidth of thespecularpeak.In the
principalplane

q U ! & , sotheparameter{ in (5) corresponds
to theparameter{ in theTS model(4). For a constantFresnel
reflectance,we foundthatthebestagreementbetweentheTS
modelandthe empiricalfunction is obtainedwhenchoosing
parameter� r C9| ] e E C ,n� deg

,��
if anglesaregivenin degrees

( � ! E | C rad
,��

if anglesaregivenin radians).If theFresnelre-
flectancedependsonthezenithangle(whichcanhardlybeex-
cludedfor remotesensingapplications),� is anotherparameter
that hasto be inverted(additionalto � and { ). A fitted value
�0� E | C rad

,��
will indicatea Fresnelreflectancerising with

high zenith angles. A value � much smallerthan
E | C rad

,��
indicatesa problemwith the inversion,becauseusually the
Fresnelreflectancedoesnot dropsignificantlyfor high zenith



angles. In practicalapplications,anotherpossiblereasonfor
a deviation of the invertedparameter� from

E | C rad
,��

is a
non-Gaussianinclination distribution of the surfacepatches
(e.g.the leaf surfacedistribution of grasscannotbe assumed
Gaussian,becausegrassis a rectophilecanopy). Furtherstud-
ieson thispointareneeded.

As canbeseenin fig. 2, theempiricalmodelfits quitewell
to the TS model, especiallyfor


�� !�L�N D and

�� ! ~ N D in

theprincipalplane.Themostimportantdeviationfrom theTS
modelin theprincipalplaneoccursfor { ! C9| C E (very rough
surface)and


 � ! E C D : the TS modelrisesfor large

 �

, but
the empirical model is almostconstant. At

� ! E N C D , TS
modelandempiricalmodeldonotagreewell for verysmooth
surfaces( { large),but at { ! C9| E N theintensityhasdroppedto
lessthan10% of its maximumvalue,sotheabsolutedeviation
is quitesmall. In general,for anglesnot in theprincipalplane
theTS modelpredictsvalueslower thantheempiricalmodel.

CONCLUSIONSAND OUTLOOK

TheanalyticalTSmodelwhichdescribestheBRDFof aspec-
ularreflectingroughsurfaceis confirmedby aray-tracing-like
simulation.WepresentasimpleempiricalBRDFthatcaptures
thebasicfeaturesof theTS modelquitewell andcanconve-
nientlybeusedin BRDF inversionproblems.

We are planning to investigateon the assumptionof a
Gaussianinclinationdistribution for thesurfacepatches.First
topographymeasurementsonaroofingtile showedsignificant
deviationsfrom aGaussiandistribution.
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Fig.2: SpecularpeakBRDF as a functionof view zenith
angle


 �
. All BRDF values have been normalized to the

valueat
� � ��
 � ! 
 � !(L�N D ��� ! E�F C D � { � , therefore theor-

dinateisdimensionless.Thesolidline is theTSmodel(with
index of refraction uv ! E

), therhombsindicatethevalues
obtainedbytheray-tracing-likesimulation,thecrossesare
the empirical model(5). Thefirst columnon the left has
{ ! C=| C E deg

, �
, correspondingto a very rough surface,

for the secondcolumn { ! C=| C N deg
, �

, for the third col-
umnontheright { ! C=| E N degree

, �
(verysmoothsurface).

Thefirst 3 lines showthe principal plane(
� ! E�F C D ) for
 � ! E C D � L�N D � ~ N D resp.,for thelowestline
� ! E N C D and
 � !ML�N D . TheTSmodeland the simulatedvaluesagree

very well, the rhombsalmostalwayslie on the solid line.
The empirical modelshowssomestrong deviations from
theTSmodel.


